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ON rth COEFFICIENT OF DIVISORS OF xn − 1
SAI TEJA SOMU
Abstract. Let r, n be two natural numbers and let H(r, n) denote the max-
imal absolute value of rth coefficient of divisors of xn − 1. In this paper, we
show that
∑
n≤x H(r, n) is asymptotically equal to c(r)x(log x)
2
r−1 for some
constant c(r) > 0. Furthermore, we give an explicit expression of c(r) in terms
of r.
1. Introduction
Cyclotomic polynomials are irreducible divisors of xn − 1. The factorization of
xn − 1 is as follows,
xn − 1 =
∏
d|n
Φd(x).
Applying Mobius inversion formula we get Φn(x) =
∏
d|n(x
d − 1)µ(
n
d
). Coefficients
of nth cyclotomic polynomial has been the subject of study in [1],[2] and [3].
In [5], the study of coefficients of divisors of xn − 1 has started. Recently, in [6]
and [7] we proved that for every finite sequence of integers n1, · · · , nr there exists
a natural number n and a divisor d(x) of xn− 1 of the form d(x) = 1+n1x+ · · ·+
nrx
r +
∑deg(d)
j=r+1 cjx
j .
Let (f)r denote rth coefficient of the f(x) for any formal power series f(x). That
is, f(x) =
∑∞
i=0(f)ix
i. In [6], the function H(r, n) = max{|(d)r| : d(x)|x
n − 1} has
been studied. In that paper, we worked on the maximal order of H(r, n) and we
showed that
H(r, n) ≤ (1 + o(1))n
r(log 2+o(1))
log log n .
In this paper, we work on the average order of H(r, n) for a fixed r. We will prove
the following theorem.
Theorem 1.1. Let r be any natural number then
∑
n≤x
H(r, n) ∼ c(r)x(log x)2
r−1
as x→∞ where
c(r) = .
1
(2r − 1)!2rr!
∏
p prime
((
1 +
2r − 1
p
)(
1−
1
p
)2r−1)
.
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2. Notation
Let ν(n),τ(n) denote number of prime factors of n and number of divisors of n
respectively. Let δ(n) denote the function δ(n) =
{
−1 n = 1
1 n > 1
. Note that,
(1) δ(n)Φn(x) =
∏
d|n
(1 − xd)µ(
n
d
).
We say that a formal power series f(x) =
∑∞
n=1(f)nx
n is dominated by another
power series g(x) =
∑∞
n=1(g)nx
n if |(f)n| ≤ (g)n for all n ∈ N. If f(x) and g(x) are
two formal power series then we denote f(x) ≡ g(x) mod xr+1 if the coefficients
of xi in the power series of f(x) and g(x) are equal for 0 ≤ i ≤ r.
3. Proof of the Main Theorem
We require several lemmas in order to prove the main theorem.
Lemma 3.1. If f1(x), · · · , fi(x) are dominated by g1(x), · · · , gi(x) then f(x) =∏i
j=1 fj(x) is dominated by g(x) =
∏i
j=1 gj(x).
Proof. For all j ∈ {0} ∪ N, we have
|(f1 · · · fi)j | = |
∑
h1+···+hi=j
(f1)h1 · · · (fi)hi |.
From triangle inequality and the fact that fk(x) are dominated by gk(x) we have
|(f1 · · · fi)j | ≤
∑
h1+···+hi=j
|(f1)h1 | · · · |(fi)hi |
≤
∑
h1+···+hi=j
(g1)h1 · · · (gi)hi
= (g1 · · · gi)j .

Lemma 3.2. There exists a constant c1(r) depending only on r such that
H(r, n) ≤
1
2rr!
2rν(n) + c1(r)2
(r−1)ν(n)
for all natural numbers n > 1.
Proof. The proof is similar to that of the proof of Theorem 4.1 of [6]. Let d(x) be
a divisor of xn − 1. As
max{|(d)r| : d(x)|x
n−1, d(x) ∈ Z[x]} = max{|(d)r| : d(x)|x
n−1, d(x) ∈ Z[x], d(0) = 1}
without loss of generality we can assume d(0) = 1. Every divisor d(x) of xn − 1
with d(0) = 1 will be of the form
∏
m∈S δ(m)Φm(x) where S is a subset of set of
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divisors of n. Now,
d(x) =
∏
m∈S
∏
d|m
(1− xd)µ(
m
d
)
≡
∏
m∈S
∏
d|m
d≤r
(1− xd)µ(
m
d
) mod xr+1
≡
∏
d≤r
(1 − xd)Σ1(d)−Σ2(d) mod xr+1
where
Σ1(d) =
∑
µ(m
d
)=1
m≡0 mod d
m∈S
1
and
Σ2(d) =
∑
µ(m
d
)=−1
m≡0 mod d
m∈S
1.
As
∑
1(d) =
∑
µ(k)=1
kd∈S
1 ≤
∑
µ(k)=1
k|n
1 = 2ν(n)−1 and
∑
2(d) =
∑
µ(k)=−1
kd∈S
1 ≤
∑
µ(k)=−1
k|n
1 = 2ν(n)−1, we can conclude that |
∑
1(d) −
∑
2(d)| ≤ 2
ν(n)−1. There-
fore, (1 − xd)
∑
1(d)−
∑
2(d) is dominated by (1 − xd)−(2
ν(n)−1). From Lemma 3.1, it
follows that
|(d(x))r | = |(
∏
d≤r
(1− xd)
∑
1(d)−
∑
2(d))r|
≤
(∏
d≤r
(1− xd)−2
ν(n)−1
)
r
=
∑
c1+2c2+···+rcr=r,ci≥0
(
2ν(n)−1 + c1
c1
)
· · ·
(
2ν(n)−1 + cr
cr
)
.
As(
2ν(n)−1 + c1
c1
)
· · ·
(
2ν(n)−1 + cr
cr
)
=
2ν(n)(c1+···+cr)
2c1+···+crc1! · · · cr!
+O(2ν(n)(c1+···+cr−1))
= O(2ν(n)(c1+···+cr))
and c1 + 2c2 + · · · + rcr = r, ci ≥ 0, c1 6= r implies c1 + · · · + cr ≤ r − 1 we can
conclude that
|(d(x))r | ≤
(
2ν(n)−1 + r
r
)
+
∑
c1+2c2+···+rcr=r,ci≥0,c1 6=r
(
2ν(n)−1 + c1
c1
)
· · ·
(
2ν(n)−1 + cr
cr
)
=
2ν(n)r
2rr!
+O(2ν(n)(r−1)).
Hence there exists a constant c1(r) depending only on r such that
|(d(x))r | ≤
1
2rr!
2rν(n) + c1(r)2
(r−1)ν(n).
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Therefore,
H(r, n) ≤
1
2rr!
2rν(n) + c1(r)2
(r−1)ν(n).

Lemma 3.3. There exists a constant c2(r) depending only on r such that
H(r, n) ≥
1
2rr!
2ν(n) − c2(r)2
(r−1)ν(n)
for all natural numbers n > 1.
Proof. Consider the following divisor d(x) of xn − 1,
d(x) =
∏
µ(m)=−1
m|n
δ(m)Φm(x)
=
∏
µ(m)=−1
m|n
∏
d|m
(1 − xd)µ(
m
d
)
≡
∏
d≤r
(1 − xd)k(d) mod xr+1,
where k(d) =
∑
m|n,µ(m)=−1
m≡0 mod d
µ(m
d
).
Note that, k(1) = −2ν(n)−1 and |k(d)| ≤ 2ν(n)−1. Therefore,
(2) |(1− xd)
k(d)
dcd
| ≤
(
2ν(n)−1 + cd
cd
)
.
We have,
(d(x))r = (
∏
d≤r
(1− xd)k(d))r
=
∑
c1+2c2+···+rcr=r,ci≥0
r∏
d=1
(
(1− xd)k(d)
)
dcd
≥
(
2ν(n)−1 + r
r
)
−
∑
c1 6=r,c1+2c2+···+rcr=r
|
r∏
d=1
(
(1− xd)k(d)
)
dcd
|.
From (2), we can conclude that
(d(x))r ≥
(
2ν(n)−1 + r
r
)
−
∑
c1 6=r,c1+2c2+···+rcr=r
r∏
d=1
(
2ν(n)−1 + cd
cd
)
=
2rν(n)
2rr!
+O(2(r−1)ν(n))
Hence there exists a constant c2(r) such thatH(r, n) ≥ (d(x))r ≥
2rν(n)
2rr! −c2(r)2
(r−1)ν(n).

Lemma 3.4. (See [4], Problem 4.4.17) Let f(s) =
∑∞
n=1
an
ns
, with an = O(n
ǫ).
Suppose that f(s) = ζ(s)kg(s), where k is a natural number and g(s) is a Dirichlet
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series absolutely convergent in Re(s) > 1− δ for some 0 < δ < 1. We have
∑
n≤x
an ∼
g(1)x(log x)k−1
(k − 1)!
as x→∞.
Proof. See page 301 of [4] for the proof of the lemma. 
Lemma 3.5. For r ∈ N, we have
∑
n≤x
2ν(n)r ∼
∏
p prime
((
1 +
2r − 1
p
)(
1−
1
p
)2r−1)
x(log x)2
r−1
(2r − 1)!
.
Proof. Let
f(s) =
∞∑
n=1
2rν(n)
ns
=
∏
p prime
(
1 + (2
r−1)
ps
1− 1
ps
)
.
As 2rν(n) ≤ (τ(n))r = O(nǫ) we have 2rν(n) = O(nǫ). Let
g(s) =
∏
p prime
((
1 +
2r − 1
ps
)(
1−
1
ps
)2r−1)
=
∏
p prime
(
1 +
d2
p2s
+
d3
p3s
+ · · ·+
d2r−1
p(2
r−1)s
)
for some constants d2, d3, · · · , d2r−1. Notice that Dirichlet’s series of g(s) converges
absolutely for Re(s) > 12 . Observe that f(s) = ζ(s)
2rg(s). Applying Lemma 3.4,
we have ∑
n≤x
2ν(n)r ∼ g(1)
x(log x)2
r−1
(2r − 1)!
which completes the proof of the lemma. 
Now, we are ready to prove our main theorem.
Proof. From lemmas 3.2 and 3.3 we have,
1
2rr!
∑
1<n≤x
2ν(n)r−c2(r)
∑
1<n≤x
2ν(n)(r−1) ≤
∑
1<n≤x
H(r, n) ≤
1
2rr!
∑
1<n≤x
2ν(n)r+c1(r)
∑
1<n≤x
2ν(n)(r−1).
Hence from Lemma 3.5, we get∑
n≤x
H(r, n) ∼ c(r)x(log x)2
r−1,
where
c(r) = .
1
(2r − 1)!2rr!
∏
p prime
((
1 +
2r − 1
p
)(
1−
1
p
)2r−1)
.

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